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D.G. VASIL'EV

One can hear the dimension of a
connected fractal in R2

Let Q be a bounded domain in R? with boundary T it is assumed that T has zero
measure. We consider an eigenvalue problem

-Au=XAu, )
ulp=0, @

where A = a2/ax%+a2/a;§ is the Laplacian acting on Q. Problem (1), (2) is posed in
variational form on functions from H(l)(Q).

Problem (1), (2) has a discrete spectrum Aishs..g Ag<... By NA) we shall
denote the cigenvalue distribution function, i.e. the number of cigenvalues A, below a given
A

It is known (1] that the following asymptotics holds

NQ@)= f—nmo(x). Ao+ oo, )

where S =1Q| is the area (Lebesgue measure) of Q. Thus the area of Q is uniquely
recovered from the spectrum. The aim of this work is to show that a certain real number
1sds2 having the sense of dimension and characterizing the degree of ‘hairiness’ of the
boundary from the interior is also uniquely reconstructed from the spectum.  Such ‘hairy’
objects are called fractals [2).

Let us give some definitions.

By I, we shall denote the e-ncighbourhood of set I'. The number d defined as the
infimum of all positive & such that

lim sup 68'2|r¢|<+co @
e++0
is called (3], [4] the Bouligand-Minkowski dimension of I
By l‘s), I‘éc) we shall denote subscts of I, determined by relations x€ Q, x€ Q
respectively. Substituting in formula (4) T, by rg), rf;’ we define by analogy with d

numbers  d@, 4(®).  We will call these numbers respectively the interior and exterior
Bouligand-Minkowski dimension of the boundary,
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Finally by 4 we shall denote the Hausdorff dimension of the boundary defined [2] as the
infimum of positive N such that

tim (inf X %) =0. ®)

e++0" Je€J

The infimum in (5) is taken over all coverings of set I" by balls of radii r<€.
It can be shown (see also [3}, [4]) that

d,d®, d®, he1,2], d=max (dP,d), h<d. ©)

Let us introduce the function

+m

2= kzl exp(-Ayf)

£>0. Itis known [5] that Z(r) < S/4n.

We will call a compact set in R connected if it cannot be divided into two non-empty
subsets with a smooth compact curve scparating them.

The principal result of this work is contained in the following

Theorem. If T has only a finite number of connected components then

-2 liminf WS/ARI-ZE) _ ) %)
++0 Inr

Let us give an outline of the thcorem's proof. Let u(x, y, r) denote the solution of the
heat equation + Au = du/3t with boundary condition (2) and initial condition ul , _ 0"
8(x-y), y€ Q. Let uy(x,y, 1) = (4n ot exp(-lx-yl 2/4:) denote the fundamental solution
of the heat equation. Of course

Z(1)= ({ u(x, x, 0 dx, (8)

0Su(x,y, < uylx,y, 0, xyeQ, >0, ) )

Let p(x,T) denote the distance from x to T, It can be shown that for sufficiently small ¢
ug(x, x, 1) - u(x, x,1) S e o pe, D)2 (Vk<1/2, Y u>0), (10)
ug(x, x, 1) - u(x, x, ) > C 14, p(x, T) S 172, (11)
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In (11) C is a universal positive constant indepndent of Q and I £ & is a connected
component of I with dimension d@. Substituting (9)-(11) into (8) and using the definition
of dimension d () we obtain .

‘The most delicate point in the arguments outlined above is obtaining estimate (11). It is
interesting that in the case Q c R, n > 3, an analogous estimate ug-u2 C1 /2 does not
hold and in place of (7) we have

nsl
2 liminf In(1Q1/(4me) —Z(r])sdﬁ)
1-4+0 Int

(12)

with effective examples of strict inequality. We must note that a somewhat weaker version
of inequality (12) with d instead of 40 (see also (6)) in the right~hand side was obtained in
[4].

In conclusion let us discuss Berry’s conjecture [6] on the existence of a two-term
asymptotic expansion

NQ) = aA"24 B2 4 o(AV/2), Ao+, 13)

a=(2x)""B_|1Ql, B, is the volume of the unit ball in R", v is the 'dimension’ of T, b is
a certain constant characterizing the v-dimensional ‘volume' of T.

The first problem arising in connection with (13) is how to define dimension v? Bemy
proposed V = h but a counterexample was constructed in [3]. It was proposed (3], {4] to take
v = d. Butit follows from (7), (12) that for the general case V = d also is not good because
one can casily construct examples of domains Q with d® < d (in this situation a
contradiction can be avoided only if b = O which is rather an unnatural assumption).

Another remark on Berry's conjecture is that the form const - A¥/2  of the second
asymptotic term is not obvious. If one considers a domain Q with a self-similar [2]
boundary I one can expect the two-term N(A) asymptotics to have the form

NQA) = aA™24 f(In WAY/2 + o(AV/2),
where f(-) is a periodic function with period 21In s, s > 1 is the linear similarity
coefficient, Vm da d = 400,
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